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UNIT 1: THEORY OF SETS

UNIT STRUCTURE

1.1 Learning Objectives

1.2 Introduction

1.3 Sets and their Representation

1.4 The Empty Set

1.5 Finite and Infinite Sets

1.6 Equal Sets

1.7 Subsets, Super Sets, Proper Subsets

1.8 Power Set

1.9 Universal Set

1.10 Venn Diagrams 

1.11 Set Operations

1.11.1 Union of Sets 

1.11.2 Intersection of Sets 

1.11.3 Difference of Sets 

1.11.4 Complement of a Set

1.12 Let Us Sum Up

1.13 Further Reading

1.14 Answers to Check Your Progress 

1.15 Model Questions

1.1 LEARNING OBJECTIVES

After going through this unit, you will be able to

 describe sets and their representations

 identify empty set, finite and infinite sets

 define subsets, super sets, power sets, universal set

 illustrate the set operations of union, intersection, difference and

complement.
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1.2 INTRODUCTION

Concepts of sets, though primarily discussed in the field of

Mathematics also has wider use in Economics. It was developed by the

German mathematician Georg Cantor (1845-1918) developed the theory of

sets and subsequently many branches of modern Mathematics have been

developed based on this theory. In this unit, preliminary concepts of sets,

set operations and some ideas on its practical utility will be introduced. In

fact, like the number systems and functions, the set theory is very

fundamental in Mathematics and hence, we need to derive its basic concepts

for the study of qunatitative analysis of economics as well.

1.3 SETS AND THEIR REPRESENTATION

A set is a collection of well-defined objects. By well-defined, it is

meant that given a particular collection of objects as a set and a particular

object, it must be possible to determine whether that particular object is a

member of the set or not.

The objects forming a set may be of any sort– they may or may not

have any common property. Let us consider the following collections :

i) the collection of the prime numbers less than 15 i.e., 2, 3, 5, 7, 11, 13

ii) the collection of 0, a, Sachin Tendulkar, the river Brahmaputra

iii) the collection of the beautiful cities of India

iv) the collection of great mathematicians.

Clearly the objects in the collections (i) and (ii) are well-defined. For

example, 7 is a member of (i), but 20 is not a member of (i). Similarly, ‘a’ is

a member of (ii), but M. S. Dhoni is not a member. So, the collections (i) and

(ii) are sets. But the collections (iii) and (iv) are not sets, since the objects in

these collections are not well-defined.

The objects forming a set are called elements or members of the

set. Sets are usually denoted by capital letters A, B, C, ...; X, Y, Z, ..., etc.,

and the elements are denoted by small letters a, b, c, ...; x, y, z, ..., etc.

If ‘a’ is an element of a set A, then we write a  A which is read as ‘a belongs

to the set A’ or in short, ‘a belongs to A’. If ‘a’ is not an element of A, we write
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a  A and we read as ‘a does not belong to A’.

Example 1.1: For example, let A be the set of prime number less than

15. Then 2  A, 3  A, 5 A, 7  A, 11  A, 14  A

1  A, 4  A, 17  A, etc.

Representation of Sets : Sets are represented in the following

two methods :

1. Roster or tabular method

2. Set-builder or Rule method

In the Roster method, the elements of a set are listed in any order,

separated by commas and are enclosed within braces, For example,

A = {2, 3, 5, 7, 11, 13}

B = {0, a Sachin Tendulcar, the river Brahmaputra}

C = {1, 3, 5, 7, ...}

In the set C, the elements are all the odd natural numbers. We cannot

list all the elements and hence the dots have been used showing that the

list continues indefinitely.

In the Rule method, a variable x is used to represent the elements of 

a set, where the elements satisfy a definite property, say P(x). Symbolically, 

the set is denoted by {x : P(x)} or {x | p(x)}.

Example 1.2: A = {x : x is an odd natural number}

B = {x : x2 – 3x + 2 = 0}, etc.

If we write these two sets in the Roster method, we get,

A = {1, 3, 5, ...}

B = {1, 2}

Some Standard Symbols for Sets and Numbers : The following

standard symbols are used to represent different sets of numbers :

N = {1, 2, 3, 4, 5, ...}, the set of natural numbers

Z = {..., –3, –2, –1, 0, 1, 2, 3, ...}, the set of integers

Q = {x : x = p/q; p, q  Z, q  0}, the set of rational numbers

R = {x : x is a real number}, the set of real numbers

Z+, Q+, R+ respectively represent the sets of positive integers, positive

rational numbers and positive real numbers. Similarly Z–, Q–, R– represent

respectively the sets of negative integers, negative rational numbers and

1) It should be noted that

the symbol ‘:’ or ‘|’

stands for the phrase

‘such that’.

2) While writing a set in

Roster method, only

distinct elements are

listed. For example, if

A is the set of the

letters of the word

MATHEMATICS, then

we write

A = {A, E, C, M, H, T,

S, I}

The elements may be

listed in any order.
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negative real numbers. Z0, Q0, R0 represent the sets of non-zero integers,

non-zero rational numbers and non-zero real numbers.

Illustrative Examples :

1.3: Examine which of the following collections are sets and which

are not :

i) the vowels of the English alphabet

ii) the divisors of 56

iii) the brilliant students degree-course of Guwahati

iv) the renowned cricketers of Assam.

Solution :

i) It is a set, V = {a, e, i, o, u}

ii) It is a set, D = {1, 2, 4, 7, 8, 14, 28, 56}

iii) not a set, elements are not well-defined.

iv) not a set, elements are not well-defined.

1.4: Write the following sets in Roster method :

i) the set of even natural numbers less than 10

ii) the set of the roots of the equation x2–5x+6 = 0

iii) the set of the letters of the word EXAMINATION

Solution :

i) {2, 4, 6, 8}

ii) {2, 3}

iii) {E, X, A, M, I, N, T, O}

1.5: Write the following sets in Rule method :

i) E = {2, 4, 6, ...}

ii) A = {2, 4, 8, 16, 32}

iii) B = {1, 8, 27, 64, 125, 216}

Solution :

i) E = {x : x = 2n, n  N}

ii) A = {x : x = 2n, n  N, n < 6}

iii) B = {x : x = n3, n  N, n  6}
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CHECK YOUR PROGRESS

Q 1: Express the following sets in Roster

method :i)  A = {x : x is a day of the week}

ii) B = {x : x is a month of the year}

iii) C = {x : x3–1 = 0}

iv) D = {x : x is a positive divisor of 100}

v) E = {x : x is a letter of the word ALGEBRA}

Q 2: Express the following sets in Set-builder method :

i) A = {January, March, May, July, August, October,

 December}

ii) B = {0, 3, 8, 15, 24, ...}

iii) C = {0, 5, 10, 15, ...}

iv) D = {a, b, c, ..., x, y, z}

Q 3: Write true or false :

i) 5  N ii) ½  Z iii) –1  Q

iv) 2  R v)  1 R vi) –3  N

1.4 THE EMPTY SET

Definition : A set which does not contain any element is called an

empty set or a null set or a void set. It is denoted by .

The following sets are some examples of empty sets.

i) the set {x : x2 = 3 and x  Q}

ii) the set of people in Assam who are older than 500 years

iii) the set of real roots of the equation x2 + 4 = 0

iv) the set of Lady President of India born in Assam.

1.5 FINITE AND INFINITE SETS

Let us consider the sets

A = {1, 2, 3, 4, 5}

and B = {1, 4, 7, 10, 13, ...}

If we count the members (all distinct) of these sets, then the counting

process comes to an end for the elements of set A, whereas for the elements

of B, the counting process does not come to an end. In the first case we say
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that A is a finite set and in the second case, B is called an infinite set. A has

finite number of elements and number of elements in B are infinite.

Definition : A set containing finite number of distinct elements so

that the process of counting the elements comes to an end after a definite

stage is called a finite set; otherwise, a set is called an infinite set.

Example 1.6: State which of the following sets are finite and which 

are infinite.

i) the set of natural numbers N

ii) the set of male persons of Assam as on January 1, 2009.

iii) the set of prime numbers less than 20

iv) the set of concentric circles in a plane

v) the set of rivers on the earth.

Solution :

i) N = {1, 2, 3, ...} is an infinite set

ii) it is a finite set

iii) {2, 3, 5, 7, 11, 13, 17, 19} is a finite set

iv) it is an infinite set

v) it is a finite set.

1.6 EQUAL SETS

Definition : Two sets A and B are said to be equal sets if every

element of A is an element of B and every element of B is also an element of

A. In otherwords, A is equal to B, denoted by A = B if A and B have exactly the

same elements. If A and B are not equal, we write A  B.

Let us consider the sets

A = {1, 2}

B = {x : (x–1)(x–2) = 0}

C = {x : (x–1)(x–2)(x–3) = 0}

Clearly B = {1, 2}, C = {1, 2, 3} and hence A = B, A  C, B  C.

Example 2.7 : Find the equal and unequal sets :

i) A = {1, 4, 9}

ii) B = {12, 22, 33}

iii) C = {x : x is a letter of the word TEAM}

A finite set can always

be expressed in roster

method. But an infinite

set cannot be always

expressed in roster

method as the elements

may not follow a definite

pattern. For example, the

set of real numbers, R

cannot be expressed in

roster method.
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iv) D = {x : x is a letter of the word MEAT}

v) E = {1, {4}, 9}

Solution : A = B, C = D, A  C, A  D, A  E, B  C, B  D, B  E,

C  E, D  E

1.7 SUBSETS, SUPERSETS, PROPER SUBSETS

Let us consider the sets A = {1, 2, 3}, B = {1, 2, 3, 4} and C = {3, 2, 1}.

Clearly, every element of A is an element of B, but A is not equal to B. Again,

every element of A is an element of C, and also A is equal to C. In both

cases, we say that A is a subset of B and C. In particular, we say that A is a

proper subset of B, but A is not a proper subset of C.

Definition : If every element of a set A is also an element of another

set B, then A is called a subset of B, or A is said to be contained in B, and is

denoted by A  B. Equivalently, we say that B contains A or B is a superset

of A and is denoted by B  A. Symbolically, A  B means that

for all x, if x  A then x  B.

If A is a subset of B, but there exists atleast one element in B which

is not in A, then A is called a proper subset of B, denoted by A  B. In

otherwords,  A  B  (A  B and A  B).

The symbol ‘’ stands for ‘logically implies and is implied by’ (see

unit 10).

Some examples of proper subsets are as follows :

N  Z, N  Q, N  R,

Z  Q, Z  R, Q  R.

It should be noted that any set A is a subset of itself, that is, A  A.

Also, the null set  is a subset of every set, that is,  A for any set A.

Because, if   A, then there must exist an element x   such that x  A.

But x , hence we must accept that  A.

Combining the definitions of equality of sets and that of subsets, we

get A = B  (A  B and B  A)

Illustrative Examples : 

1.8: Write true or false :

i) 1  {1, 2, 3}

According to equality of

sets discussed above,

the sets

A = {1, 2, 3} and

B = {1, 2, 2, 2, 3, 1, 3}

are equal, since every

member of A is a

member of B and also

every member of B is a

member of A. This is

why identical elements

are taken once only

while writing a set in the

Roster method.
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ii) {1, 2}  {1, 2, 3}

iii)  {{}}

iv)  {, {1}, {a}}

v) {a, {b}, c, d}  {a, b, {c}, d}

Solution :

i) False, since 1  {1, 2, 3}.

ii) True, since every element of {1, 2} is an element of {1, 2, 3}.

iii) False, since  is not an element of {{}}.

iv) True, since  is subset of every set.

v) False, since {b}  {a, b, {c}, d} and c  {a, b, {c}, d}.

1.8 POWER SET

Let us consider a set A = {a, b}. A question automatically comes to

our mind– ‘What are the subsets of A?’ The subsets of A are , {a}, {b} and

A itself.

These subsets, taken as elements, again form a set. Such a set is

called the power set of the given set A.

Definition : The set consisting of all the subsets of a given set A as

its elements, is called the power set of A and is denoted by P(A) or 2A.

Thus,  P(A) or 2A = {X : X  A}

Clearly,

i) P() = {}

ii) if A = {1}, then PA = {, {1}}

iii) if A = {1, 2}, then PA = {, {1}, {2}, A}

iv) if A = {1, 2, 3}, then PA = {, {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}, A}

From these examples we can conclude that if a set A has n elements,

then P(A) has 2n elements.

1.9 UNIVERSAL SET

A set is called a Universal Set or the Universal discourse if it contains

all the sets under consideration in a particular discussion. A universal set is

denoted by U.

8

TEERTHANKER MAHAVEER UNIVERSITY



Example 1.9:

i) For the sets N={1, 2, 3}, Z={3, 7, 8} and Q = {4, 5, 6, 9}

We can take U = {1, 2, 3, 4, 5, 6, 7, 8, 9}

ii) In connection with the sets N, Z, Q we can take U as the universal

set.

iii) In connection with the population census in India, the set of all people

in India is the universal set, etc.

CHECK YOUR PROGRESS

Q 4: Find the empty sets, finite and infinite sets:

i) the set of numbers divisible by zero

ii) the set of positive integers less than 15

and divisible by 17

iii) the set of planets of the solar system

iv) the set of positive integers divisible by 4

v) the set of Olympians from Assam participating in 2008,

Beijing Olympic.

Q 5: Examine the equality of the following sets :

i) A = {2, 3}, B = {x : x2–5x+6 = 0}

ii) A = {x : x is a letter of the word WOLF}

B = {x : x is a letter of the word FLOW}

iii) A = {a, b, c}, B = {a, {b, c}}

Q 6: Write true or false :

i) {1, 3, 5}  {5, 1, 3} ii) {a}  {{a}, b}

iii) {x : (x–1)(x–2) = 0}  {x : (x2–3x+2)(x–3) = 0}

Q 7: Write down the power sets of the following sets :

i) A = {1, 2, 3, 4} ii) B = {1, {2, 3}}

Q 8: Give examples to show that (A  B and B  C)  A  C.

1.10 VENN DIAGRAM

Simple plane geometrical areas are used to represent relationships

between sets in meaningful and illustrative ways. These diagrams are called

Venn-Euler diagrams, or simply the Venn-diagrams.

In Venn diagrams, the universal set U is generally represented by a
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U

A B

set of points in a rectangular area and the subsets are represented by circular

regions within the rectangle, or by any closed curve within the rectangle. As

an illustration Venn diagrams of A  U, A  B  U are given below :

Similar Venn diagrams will be used in subsequent discussions

illustrating different algebraic operations on sets.

1.11 SET OPERATIONS

We know that given a pair of numbers x and y, we can get new

numbers x + y, x – y, xy, x/y (with y  0) under the operations of addition,

subtraction, multiplication and division. Similarly, given the two sets A and B

we can form new sets under set operations of union, intersection, difference

and complements. We will now define these set operations, and the new

sets thus obtained will be shown with the help of Venn diagrams.

1.11.1  Union of Sets

Definition : The union of two sets A and B is the set of all

elements which are members of set A or set B or both. It is denoted

by A  B, read as ‘A union B’ where ‘’ is the symbol for the operation

of ‘union’. Symbolically we can describe A  B as follows :

A  B = {x : x  A or x  B}

A  B (Shaded)

It is obvious that A  A  B, B  A  B 

Example 1.10 : Let A = {1, 2, 3, 4}, B = {2, 4, 5,

6}  Then A  B = {1, 2, 3, 4, 5, 6}

U U

A A

B

A  U A  B  U
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1.11.2  Intersection of Sets

Definition : The intersection of two sets A and B is the set of all

elements which are members of both A and B. It is denoted by A 

B, read as ’A intersections B’, where ‘’ is the symbol for the operation

of ‘intersection’. Symbolically we can describe it as follows:

A  B = {x : x  A and x  B}

A  B (Shaded)

From definition it is clear that if A and B have no common

element, then A  B = . In this case, the two sets A and B are called

disjoint sets.

A  B = 

It is obvious that A  B  A, A  B  B. 

Example 1.11 : Let A = {a, b, c, d}, B = {b, d, 4,

5}   Then A  B = {b, d} 

Example 1.12 : Let A = {1, 2, 3}, B = {4, 5,

6}  Then A  B = .

1.11.3  Difference of Sets

Definition : The difference of two sets A and B is the set of all

elements which are members of A, but not of B. It is denoted by A–

B. Symbollically, A – B = {x : x  A and x  B}

Similarly, B – A = {x : x  B and x  A }

U

A B

A
 

 B

U

A B
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A – B (Shaded) B – A (Shaded) 

Example 1.13:  Let A = {1, 2, 3, 4, 5}, B = {1, 4, 5}, C = {6, 7,

8} Then A – B = {2, 3}

A – C = A

B – C = B

B – A = 

1.11.4  Complement of a Set

Definition : If U be the universal set of a set A, then the set of all

those elements in U which are not members of A is called the

Compliment of A, denoted by AC or A.

Symbolically, A = {x : x  U and x  A}.

A (Shaded)

Clearly, A = U – A.

Example 1.14: Let U = {1, 2, 3, 4, 5, 6, 7, 8, 9} and A = {2, 4, 6, 8}

    Then A = {1, 3, 5, 7, 9} Illustrative 

Examples :

Example 1.15: If U = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10}

A = {2, 4, 6, 8, 10}

B = {3, 6, 9}

and C = {1, 2, 3, 4, 5}, then find

(i) A  B, (ii) A  C, (iii) B  C, (iv) A, (v) A  B, (vi) C B,

(vii) A  C, (viii) A – C, (ix) A – (B  C), (x) A  B.

Solution : i) A  B = (2, 3, 4, 6, 8, 9, 10}

U U

A B A B

U
A

A
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ii) A  C = {2, 4}

iii) B  C = {3}

iv) A = {1, 3, 5, 7, 9}

v) B = {1, 2, 4, 5, 7, 8, 10}

So, A  B = {1, 2, 4, 5, 6, 7, 8, 10}

vi) C = {6, 7, 8, 9, 10}

So, C B = {6, 9}

vii) From (iv) & (vi), A C = {1, 3, 5, 6, 7, 8, 9, 10}

viii) A – C = {6, 8, 10}

ix) B  C = {1, 2, 3, 4, 5, 6, 9}

(B  C) = {7, 8, 10}

So, A – (B  C) = {2, 4, 6}

x) From (iv) & (v), A B = {1, 5, 7}.

CHECK YOUR PROGRESS

Q 9:  If A = {a, b, c}, B = {c, d, e}, U = {a, b, c, d,

e, f} then find

i) A  B ii) A  B iii) A – B iv) B – A v) A

1.12 LET US SUM UP

 A set is a collection of well-defined and distinct objects. The objects

are called members or elements of the set.

 Sets are represented by capital letters and elements by small letters.

If ’a’ is an element of set A, we write a  A, otherwise a  A.

 Sets are represented by (i) Roster or Tabular method and (ii) Rule or

Set-builder method.

 A set having no element is called empty set or null set or void set,

denoted by .

 A set having a finite number of elements is called a finite set, otherwise

it is called an infinite set.

13
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 Two sets A and B are equal, i.e. A = B if and only if every element of A

is an element of B and also every element of B is an element of A,

otherwise A  B.

 A is a subset of B, denoted by A  B if every element of A is an element

of B and A is a proper subset of B if A  B and A  B. In this case, we

write A  B.

 A = B if and only if A  B and B  A.

 The set of all the subsets 8 a set A is called the power set of A, denoted

by P(A) or 2A. If |A| = n, then |P(A)| = 2n.

 Venn diagrams are plane geometrical diagrams used for representing

relationships between sets.

 The union of two sets A and B is A B which consists of all elements

which are either in A or B or in both. A B = {x : x  A or x  B}

 The intersection of two sets A and B is A  B which consists of all the

elements common to both A and B.

 For any two sets A and B, the difference set, A – B consists of all

elements which are in A, but not in B. A – B = {x : x  A and x  B}

 The Universal set U is that set which contains all the sets under any

particular discussion as its subsets.

 The complement of a set A, denoted by Ac or A is that set which consists

of all those elements in U which are not in A.

A = {x : x  U and x  A} = U – A
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1.14 ANSWERS TO CHECK YOUR

PROGRESS

Ans to Q No 1: i)A = {Monday, Tuesday, Wednessday, Thursday, Friday,

Saturday, Sunday}

ii) B = {January, February, March, April, May, June, July, August,

 September, October, November, December}

iii) C = {1, w, w2}

iv) D = {1, 2, 4, 5, 10, 20, 25, 50, 100}

v) E = {A, B, E, G, L, R}

Ans to Q No 2:  i)A = {x : x is a month of the year having 31 days}

ii) B = {x : x = n2 – 1, n  N}

iii) C = {x : x = 5n, n  Z}

iv) D = {x : x is a letter of the English Alphabet}

Ans to Q No 3:  i) True,  ii) False,  iii) True,  iv) True,  v) False,  vi) True.

Ans to Q No 4:  i) ,  ii) ,  iii) finite,  iv) infinite,  v) .

Ans to Q No 5:  i) B = {2, 3} = A

ii) A = {W, O, L, F},  B = {F, L, O, W} and so, A = B

iii) A  B; since b  A but b  B.

Ans to Q No 6:  i)True

ii) False, since {a}  {{a}, b}

iii) {x : (x–1)(x–2) = 0} = {1, 2}, {x : (x2–3x+2)(x–3) = 0} = {1, 2, 3}

Hence {x : (x–1)(x–2) = 0  {x : (x2–3x+2)(x–3) = 0} and

so, the given result is false.

Ans to Q No 7:  i)  P(A) = {, {1}, {2}, {3}, {4}, {1, 2}, {1, 3}, {1, 4},

{2, 3}, {2, 4}, {3, 4},

{1, 2, 3}, {1, 2, 4}, {1, 3, 4}, {2, 3, 4}, A}

15

TEERTHANKER MAHAVEER UNIVERSITY



ii) P(B) = {, {1}, {{2, 3}}, B}

Ans to Q No 8:  Let A = {1, 2}, B = {0, 1, 2, 3}, C = {0, 1, 2, 3, 4, 5, 7}

Ans to Q No 9: i) A  B = {a, b, c, d, e};  ii) {C};  iii) A – B = {a, b},

iv) B – A = {d, e};  v) A = {d, e, f}

1.15 MODEL QUESTIONS

Q 1: Give examples of   i) five null sets

ii) five finite sets

iii) five infinite sets

Q 2: Write down the following sets in rule method :

i)






  ,

4

1
,

3

1
,

2

1
,1A

ii)






  ,

5.4

1
,

4.3

1
,

3.1

1
,

2.1

1
B

iii) C = {2, 5, 10, 17, 26, 37, 50}

Q 3: Write down the following sets in roster method

i) A = {x : x  N, 2 < x < 10}

ii) B = {x : x  N, 4+x < 15}

iii) C = {x : x  Z, –5  x  5}

Q 4: If A = {1, 3},  B = {1, 3, 5, 9},  C = {2, 4, 6, 8} and

D = {1, 3, 5, 7, 9} then fill up the dots by the symbol  or  :

i) A ... B,  ii) A ... C,   iii) C ... D,  iv) B ... D

Q 5: Write true or false :

i) 4  {1, 2, {3, 4}, 5},  (ii)  = {}

iii) A = {2, 3} is a proper subset of B = {x : (x–1)(x–2)(x–3) = 0}

iv) A B, B  C  A  C

Q 6: If   U = {x : x  N},  A = {x : x  N, x is even},  B = {x : x  N, x < 10}

C = {x : x  N, x is divisible by 3}, then find

i) A  B,  ii) A  C,  iii) B C,  iv) A, (v) B,  vi) C.

Q 7: If A  B = B and B  C = C, then show that A  C.

Q 8: If U = {–5, –4, –3, –2, –1, 0, 1, 2, 3, 4, 5},

A = {–5, –2, 1, 2, 4}
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B = {–2, –3, 0, 2, 4, 5}

C = {1, 0, 2, 3, 4, 5},

then find i) A  B, ii) A  C,  iii) A  (B  C), iv) B  C,

v) A (B  C),  vi) A – C,  vii) A – (B  C), viii) (B  C),

ix) A  C,  x) (C B) – A.

Q 9: Prove the following :

i) If A, B, C are three sets such that A  B,

then A  C  B  C, A  C  B  C.

ii) A  B if and only if B  A.

iii) A  B if and only if A  B = A.

iv) If A  B = , then A  B.

Q 10: How many elements are there in P(A) if A has

i) 5 elements,  ii) 2n elements?

*** ***** ***
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UNIT 2: NUMBERS, RELATIONS AND FUNCTIONS 

UNIT STRUCTURE

2.1 Learning Objectives

2.2 Introduction

2.3 Natural Number

2.4 Whole Number

2.5 Integers

2.6 Rational Number(or Fraction)

2.7 Irrational Numbers

2.8 Real Numbers

2.9 Imaginary Numbers

2.10 Complex Number

2.11 Prime Numbers

2.12 Concepts of Constants and its Different Types 

2.13 Concept of Variables and its Different Types 

2.14 Concept of Relation

2.14.1 Identity Relation

2.14.2 Inverse Relation 

2.15 Concept of Function

2.16 Different Types of Function

2.16.1 Polynomial Function 

2.16.2 Linear Function 

2.16.3 Qudratic Function 

2.16.4 Cubic Function 

2.16.5 Power Function 

2.16.6 Rational Function 

2.16.7 Constant Function 

2.16.8 Exponential Function 

2.16.9 Logarithmic Function

2.17 Let Us Sum Up 

2.18 Further Reading
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2.19 Answers to Check Your Progress 

2.20 Model Questions

2.1 LEARNING OBJECTIVES

After going through this unit, you will be able to-

 identify various types of numbers

 express a rational number as a terminating or non-terminating

repeating decimal

 know imaginary and complex numbers

 know about constants,variables and its types

 derive knowledge about the concept of a relation

 describe the concept of a function

 discuss the different types of function.

2.2 INTRODUCTION

Creation of numbers is the greatest inventions in the history of

mankind.Numbers, which are a basic part of mathematics, help us to

understand algebra, to measure geometric objects, and to make predictions

using probability and statistics. In this unit,we will discuss diferent types

numbers i.e Natural number,Whole number,Integers,Rational

number,Irrational number,real number,imaginary number and Complex

number.We will also  discuss about the concept of constants and variables.

In this unit we will aslo discuss the concept of relations and functions.

We shall define the concept of relations and functions. Apart from those, we

shall also discuss the different types of functions in the general mathematial

context. Later, in Unit 3, we shall discuss different functions in the particular

context of Economics.

2.3  NATURAL NUMBER (OR COUNTING NUMBER)

Counting things is easy for us.  We can count objects in large

numbers, for example, the number of students in the college, and represent

them through numerals.  When we begin to count, we use 1, 2, 3, 4, ….
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These numbers come our mind naturally when we are counting.  Numbers

such as 1, 2, 3, 4, 5, 6, ……. .etc.  which are used in day-to-day counting of

things are called Natural Numbers or Counting Numbers.

Gemetrical representation of Natural numbers

1 2 3 4 5 6 7 8 9 10

2.4 WHOLE NUMBER

The natural number along with zero form the collection of whole

number. When  0 (zero) is included into the system of the natural number,

the resultant extended system is called the system of whole numbers.

Numbers such as 0, 1, 2, 3, 4, 5, 6, ……. . etc are called whole Numbers.

The set of Whole number is denoted by W.

2.5 INTEGERS

There are times when we need to use numbers with a negative

sign. For example, involving opposite measurements, such as,  profit and

loss in business, fluctuation of temperature, altitude or depth of places water

level in lake or river,  level of oil in tanketc. This is when we want to go below

zero on the number line. These are called negative numbers.

Therefore, the negative of the natural numbers, zero and the natural

numbers together constitute the integers.

The collection of numbers …. ,  -4,  -3,  -2,  -1,  0,  1,  2,  3,  4,  …..

is called integers. So, -1, -2,  -3, -4,  …….  Called negative numbers are

negative integers and 1, 2, 3, 4, …. . called positive numbers are positive

integers.

2.6 RATIONAL NUMBERS OR FRACTIONS

A fraction is a number representing part of a whole. The whole may

be a single object or a group of objects. If x and y are two natural numbers,

then )0( y
y

x
is a fraction where, x and y are respectively the numerator
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and the denominator of the fraction.

For examples : 
23

123
,

9

4
,

3

2
 etc.

Types of fractions :

(1) Proper fraction : If in a fraction, the numerator is always less than

the denominator,  then fraction is called proper fraction. For example :

8

5
,

10

9
,

2

1
,

4

3
 etc are all proper fractions.

(2) Improper fraction : The fractions, where the numerator is bigger than

the denominator are called Improper fractions. For example :

5

18
,

7

12
,

12

13
 etc are all improper fractions.

(3) Mixed fraction : A mixed fraction has a combination of a whole and a

part. We can express an improper fraction as a mixed fraction by

dividing the numerator by denominator to obtain the quotient and the

remainder. Thus, the mixed fraction can be written as Quotient

Divisor

Remainder
.

For example : 
7

3
5,

9

1
7,

4

3
2  etc are all mixed fractions. These mixed

fractions can be expressed as improper fractions. i.e.,

4

11

4

3

4

42

4

3
2

4

3
2 


 .

2.7 IRRATIONAL NUMBERS

An irrational number is a number that cannot be expressed as

afraction  for any integers. A number which can be neither be expressed as

a terminating decimal nor as a repeating decimal, is called an irrational

number. Thus, nonterminating, nonrepeating decimals are irrational number.

Clearly, 10.01001000100001…… is a non-terminating ,non-repeating

decimals, and therefore,  it is irrational.

Irrational Numbers cannot be expressed as the quotient of two

integers (ie a fraction) such that the denominator is not zero

Irrational numbers have decimal expansions that neither terminate

nor repeating.  All numbers that are not rational are considered irrational.  An
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irrational number can be written as a decimal,   but not as a fraction.  An

irrational number has endless non-repeating digits to the right of the decimal

point.

One example of irrational number is the Pi )( . Pi )(  is a famous

irrational number.

The value of Pi )(  is equal to 3.

1415926535897932384626433832795 (which is a non-terminating and

non-repeating decimal).

2.8 REAL NUMBERS

A number whose square is non-negative is called a real number. In

fact, all rational and all irrational numbers form the set of all real numbers.

Every real number is either rational or irrational.

CHECK YOUR PROGRESS

Q 1: Convert each of the following fractions to

decimals

(a) 1/4(b) 2/3         (c)4/5      (d) 3/7

Q 2: Classify the following numbers as rational or irrational,

 terminating or recurring decimals :

(a) 100  (b) 
1

(c) 
5

4
 (d) 0.75  (e) 

99

13

Q 3: How many rational numbers and irrational numbers lie between

the numbers 2 and 7?

2.9 IMAGINARY NUMBERS

An imaginary number is defined as any number that, when squared,

results in a real number less than zero. When any real number is squared,

the result is never negative, however, the square of an imaginary number is

always negative.  Imaginary numbers are written using the variable i.

Imaginary numbers have the form biwhere b is a non-zero real

number and i is the imaginary unit, defined such that  i= 1
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2.10 COMPLEX NUMBER

A number of the form  x+iy  where x and y  are real numbers and

i= 1 ,   is called a complex number . It is denoted  by  Z .

Thus, Z=x+iy  is a complex number.

x is called its real part and is denoted by Re(z). Thus , Re(z) = x

and y is called its imaginary part and is denoted by Im (z). Thus ,Im(z) = y.

If x=0 ,   then z=0+iy is a purely (or wholly) imaginary number.

If y=0 ,   then z=x+i.0 which is wholly is a real number.

2.11 PRIME NUMBER

The number other than 1 whose only factors are 1 and the number

itself.Such number are 2,  3,  5,  7,  11 etc. These numbers are prime

numbers.

The numbers other than 1 whose only factors are 1 and the number

itself are called Prime Numbers.

Note : (a) 1 is not a prime number.

2 is the smallest prime number.

2.12 CONCEPT OF CONSTANTS AND ITS
DIFFERENT TYPES

A symbol which represents a definite number used in any operation

is called a constant. A constant retains the same value throughout a set of

mathematical operation. These are generally denoted by a,  b, c etc.

For example, 7,   13 ,  1/12,  -6 ,   ,   e,   m ,  c,  d etc are called

constants. These quantities which donot change in any mathematical

operations.

Types of Constants :

Constants are of two types :

(a) Absolute constant : A constant which remains the same throughout

a set of mathematical operation is known as absolute constant. The

value of absolute constant remains fixed in all conditions .All numerical
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numbers are absolute constant. For example,  3, 6 ,  7/16  ,  3  ,

etc. are absolute constants.

(b) Arbitrary constant : A constant which remains same in a particular

operation,  but changes with the change of reference,  is called arbitrary

constant. The value of arbitrary constant remains unchanged in a

particular problem.

For example,  In coordinate geometry of two dimension the

equation  y = mx + c represents a straight line. Here  But m and c are

constants,  but they are different for different straight lines. Therefore,

m and c are arbitrary constants.

2. 13 CONCEPT OF VARIABLE AND ITS DIFFERENT TYPES

A variable is a symbol which can assume any value out of a given

set values. The quantities,  like height,  weight,  time,  temperature,  profit,

sales etc,  are examples of variables. The variables are usually denoted by

x,  y,  z,  u,  v,  w etc.

Types of Variable : There are two types of variables :

(a) Independent Variable : A variable which can take any arbitrary value,

is called independent variable.

(b) Dependent Variable : A variable whose value depends upon the

independent variable is called dependent variable.

For example:

(i) 2xy  if x=2 then y=4,  so value of y depends on x. Here y is

dependent and x is independent variable.

(ii) Let A be the area and r be the radius of a circle. Then  A 2r
where A depends on r i. e area of a circle depends on radius of

the circle. Here A is dependent and r is independent variable.
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CHECK YOUR PROGRESS

Q 4:  What is the smallest prime number ?

Q 5: Find the value of 65i

Q 6: Define constants  with examples.

 Q 7: Define variables with examples.

2.14 CONCEPT OF RELATION

Let us consider the following sentences.

(1) 11 is greater then 10.

(2) 35 is divisible by 7.

(3) New Delhi is the capital of India.

In each of the sentences there is a relation between two ‘objects’.

Now let us see what is meant by relation in set theory.

Definition Let A and B be two non-empty sets. A subset R of A x B is said to

be a relation from A to B.

 If A=B, then any subset of A x A is said to be a relation on A.

If R   A x B, and (a, b)R; aA, bB, it is also written as aRb and is

read as ‘a is R related to b’.

Note 1. The set of the first components of the ordered pairs of R is called

the domain and the set of the second components of the ordered pairs of R

is called the range of R.

2. If A, B are finite sets and n(A)=x, n(B)=y; then n(AxB)=xy. So, the number

of subsets of AxB is 2xy.

Therefore, the number of relations from A to B is 2xy.

Example 1.1: Let A ={1, 2, 3},

 B={8, 9}

A x B ={(1, 8), (1, 9), (2, 8), (2, 9), (3, 8), (3, 9)}

Let R = {(1, 8), (2, 9), (3, 9)}

Clearly R  AxB

R is a relation from A to B.

Here 1R8, 2R9, 3R9

Domain of R = {1, 2, 3}
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Range of R = {8, 9}

Example 2.2:  Let X be the set of odd integers.

Let R = {(x, y) : x, y  X and x+y is odd}

We know that the sum of two odd integers is an even integer.

if x, y are odd, then x+y cannot be odd.

R =  X x X

In this case R is called a null relation on X.

Example 2.3: Let E be the set of even integers.

Let R = {(x, y) : x, y  E and x+y is even}

We know that the sum of the even integers is an even 

integer. if x, y are even, then x+y is always even.

 R = E x E  E x E

In this case R is called a universal relation on E.

2.14.1 Identity Relation

Let A be a non-empty set.

I
A
 = {(a, a) : aA}  A x AA

I
A
 is called the identity relation on A. 

Example 2.4: Let A = {1, 2, 3, 4}

Then I
A
 ={(1, 1), (2, 2), (3, 3), (4, 4)}  A x A. 

Clearly I
A
 is the identity relation on A.

2.14.2 Inverse Relation

Let A, B be two non-empty sets. Let R be a relation from A to B, i.e.

R   AxB. The inverse relation of R is denoted by R-1, and is defined

by R-1={(b, a) : (a, b)R}   B x AA

Clearly, domain of R-1 = range of R

 range of R-1= domain of R 

Example 2.5: Let A = {1, 2, 3}

      B = {5, 6}

R = {(1, 5), (2, 6), (3, 5)}   A x B

R-1 = {(5, 1), (6, 2), (5, 3)}   B x A.
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CHECK YOUR PROGRESS

Q 8: Let A, B be two finite sets, and n(A)=4, n(B)=3.

How many relations are there from A to B?

Q 9: Let A be a finite set such that n(A) =5.

Write down the number of relations on A.

2.15 CONCEPT OF FUNCTION

A function is a technical term used to symbolise relationship between

two or more variables. When two real varaibles, say, x and y are so related

that that correspoding to every value of x, we get a definite value (or a set of

definite values) of y, then y is said to be a function of x and symbolically we

write:

y = f(x).

A few examples of functions from our real life include:

 Income tax payable by a person is a function of his/her income. (t = f

(Y). Here, t represents tax payable, and Y represents income.)

 Consumption is a function of disposable income. (C = f (Y
d
). Here C

represents consumption, and Y
d
 represents disposable income.

Let A and B be two non-empty sets, and f   A xB such that

(i) (x, y)  f, xA and any yB

(ii) (x, y)  f and (x, y/) f  y=y/ .

In this case f is said to be a function (or a mapping) from the set A to

the set B. Symbolically we write it as f : A  B.

Here A is called the domain and B is called the codomain of f. 

Example 2.6 : Let A = {1, 2}, B = {7, 8, 9}

       f = {(1, 8), 2, 7)}  A x B.

Here, each element of A appears as the first component exactly in one of 

the ordered pairs of f.

f is a function from A to B.

Example 2.7: Let A = {1, 2}, B = {7, 8, 9}

g = {(1, 7), (1, 9)}  A x B

Here, two distinct ordered pairs have the same first component.
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 f is not a function from A to B.

Example 2.8 : Let A = {1, 2, 3, 4}, B = {x, y, z, w}

Are the following relations  from A to B be functions?

(i) f
1
 = {(1, x), (1, w), (2, x), (2, z), (4, w)}

(ii) f
2
 = {(1, y), (2, z), (3, x), (4, w)}

Solution : (i) No. Here two distinct ordered pairs (1, x), (1, w) have the 

same first component.

(ii) Yes.

Here, each element of A appears as the first component exactly in one of 

the ordered pairs of f
2
.

Thus we see that.

Every function is a relation, but every relation is not a function.

We observe that if A and B are two non-empty sets and if each

element of A is associated with a unique element of B, then the rule by

which this association is made, is called a function from the set A to the set

B. The rules are denoted by f, g etc. The sets A, B may be the same.

Let f be a function from A to B i.e.

f : A  B. The unique element y of B that is associated with x of A is called 

the image of x under f. Symbolically we write it as f = f(x). x is called the pre-

image of y. The set of all the images under f is called the range of f. 

Example 2.9 : Let IN be the set of natural members, and Z be the set of 

integer and f : IN  Z, f(x) = (–1)x; x  IN

Clearly, domain of f = IN

codomain of f = Z

Now f(1) = (–1)1 = –1, f(2) = (–1)2 = 1, f(3) = (–1)3 = –1 and so on.

 range of f = {–1, 1}

2.16 DIFFERENT TYPES OF FUNCTION

Let A, B be two non-empty sets and f : A  B be a function.

1. If there is at least one element in B which is not the image of any

element in A, then f is called an “into” function.

2. If each element in B is the image of at least one element in A, then f is
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called an “onto” function (or a surjective function or a surjective).

Note : In case of an onto function, range of f=codomain of f.

1. If different elements in A have different images in B, then f is called a

one-one function (or an injective function or an injection).

2. If two (or more) different elements in A have the same image in B, then

f is called a many-one function.

2.16.1 Polynomial Function

A function of the form f(x) = a
0
 + a

1
 x + a

2
x2 + ..... + a

n
xn

where n is a non-negative integer; and a
0
, a

1
, a

2
, ..... a

n
 are real

numbers, is called a polynamial function of degree n.

For example f(x) = x4 – 5x3 + 2x2 + 6x + 7 is a polynomial

function; whereas f(x) = 5x + 9 x  +7 is not a polynamial function.

Note : The domain of a polynomial function is IR, the codomain is

also IR.

2.16.2 Linear Function

If 1n ,then the polynomial function is of degree 1 and is

called a linear function.For 1n ,the function is written as

  bxaxf  ,where ba&  are constants.

   For example, f(x) = 3x + 5 is a linear function.

The graph of Linear function has been shown with the help of Figure

1.1.

Figure 2.1: Graphical Shape of a Linear Function
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2.16.3 Qudratic Function

If 2n ,then the polynomial function is of degree 2 and is

called a quadratic function.

A Quadratic function is of the form f(x) =  ax2 + b x +c,where

a,b,c are constants.

The graph of quadratic function f(x) =  ax2 + b x +c is parabola

that opens upwards or downwards according as a>0 or a<0. It has

been shown in Figure 1.2.

Figure 2.2: Graphical Shape of a Quadratic Function

2.16.4 Cubic Function

If 3n ,then the polynomial function is of degree 3 and is

called a cubic function.

A cubic function is of the form f(x) = ax3+ bx2+ cx  + d  where 

a,b,c,d are constants. The graphical shape of a cubic function has 

been shown in Figure 2.3.
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Figure 2.3: Graphical Shape of a Cubic Function

2.16.5 Power Function

A function of the form f(x) = axn  where n is a non-negative

integer; and a
  
is constant, is called a Power  function.

2.16.6 Rational Function

A function of the form y= )(

)(

xg

xf
, where f(x) and g(x) are

polynomial function and g(x)  0, is called a rational function.

For example 
65

2
2 


xx

x
 a rational function. Here x  2, x

 3, i.e. the domain of the rational function 
65

2
2 


xx

x
 is IR – {2, 3},

2.16.7 Constant Function

 A function of the form  f(x) = k, where k is a constant is

called a constant function.

Note : The range of a constant function is a singleton set The graph

of a constant function is a straight line paralled to x-axis.
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2.16.8 Exponential Function

Let a be a positive real number other than 1. then the function is of

the form y = ax is called the exponential function.

Graph of an exponential function has been shown in Figure 1.5.

2.16.9 Logarithmic Function

Let x be a positive real number other than 1. Then the function

of the form f(x) = log
e
x is called the logarithmic function.Logarithmic

function is inverse to exponential function.

Remark : log
e
x is also denoted by lnx.

Graph of the logarithmic functions when y = Log aX and when

32
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Y

 f (x) = a

 0  X

Y

 y = ax

 0  X

Figure 2.5: Graphical Shape of an Exponential Function
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y = -Log ax have been shown in Panel A and Panel B of Figure 1.6

2.17 LET US SUM UP

 The natural numbers along with zero form the collection of whole

numbers.

 The positive natural number,zero and negative natural number together

are called Integers.

 A rational number is a number which canbe put in the form p/q, where p

and q are integers and q  0 .

 The decimal representation of a rational number is either terminating or

non-terminatingrepeating.

 There exist infinitely many rational numbers between two rational

numbers.

 The irrational numbers are decimal numbers that do not terminate and

donot repeat. On calculators and in the solution of many problems,rational

approximations are used to show values that are close to, but not equal

to, irrational numbers.

 The sytem of rational numbers is extended to real numbers.

 Rationals and irrationals together constitute the system of real numbers.

 The numbers other than 1 whose only factors are 1 and the number

itself are called Prime Numbers.

respectively.

Figure 2.6: Graphical Representation of Logarithmic Functions

Y (Panel  A)  Y (Panel  B)

 y = Log ax  y = - Log ax

 f (x)  f (x)

X/  0  X  X/  0  X

 Y/  Y/
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 A symbol which represents a definite number used in any operation is

called a constant.

 A variable is a symbol which can assume any value out of a given set

values.

 If A, B are two non-empty sets, a subset of A x B in said to be a relation

from A to B.

 If A, B are two finite sets and n(A) = x, n(B) = y, the number of relations

from A to B is 2xy.

 If A is a non-empty set, I
A
 = {(a, a) : aA} is called the identity relation on

A.

 A relation R on a non-empty set A is called an equivalence relation if it is

reflexive, symmetric and transitive.

 The inverse of an equivalence relation is also an equivalence relation.

 The intersection of two equivalence relations is also an equivalence

relation.

 If A and B are two non-empty sets and if each element of A is associated

with a unique element of B, then the rule by which this association is

made, is called a function from A to B.

 Every function is a relation, but every relation is not a function.

 If different elements in domain have different images in codomain, then

the function is one-one (injective).

 If each element in codomain is the image of at least one element in

domain then the function is onto (surjective).

2.18 FURTHER READING

1) Agarwal, D.K. (2012). Business Mathematics, New Delhi: Vrindra

Publication (p) Ltd.

2) Baruah, S. (2011). Basic Mathematics and Its Application in

Economics, New Delhi: Trinity Press Pvt. Ltd.

3) Bose, D. (2004). Mathematical Economics; New Delhi: Himalaya

Publishing House.
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4) Chiang, A.C. (2006) Fundamental Methods of Economics Analysis;

New Delhi: MC Graw Hill Education India.

5) Kandoi, Balwant (2011). Mathematics for Business and Economics

with Application; New Delhi: Himalaya Publishing House.

2.19 ANSWERS TO CHECK YOUR

PROGRESS

Ans to Q No 1: (a) 1/4=0.25  (b) 2/3=0.6666..   (c) 4/5=0.8      (d) 3/7=0.4286.

Ans to Q No 2: (a) Rational  (b) Irrational (c) Irrational (d) Rational (e) Irrational.

Ans to Q No 3: Infinitely many.

Ans to Q No 4: Smallest prime number is 2.

Ans to Q No 5: iii   116465

Ans to Q No 6: Try it yourself.

Ans to Q No 7: Try it yourself.

2.20 MODEL QUESTIONS

Q 1: Write down an irrational number between 6 and 7.

Q 2: Prove that the following numbers are irrational

7,5,2

Q 3: Insert 3 rational numbers between 1/5 and 3/5.

Q 4: Write 5 rational numbers and 5 irrational numbers in decimal form.

Q 5: Prove that 35   is not a rational number..

Q 6: Which is the greater of the numbers 
9

7
 and 

11

8
.

Q 7: Find a rational number between 19.9 and 20.

Q 8: Let A = {1, 2, 3}, B = {3, 4, 5}.

How many relations are there from A to B ? Write down any four relations

from A to B.

*** ***** ***
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UNIT 9 : MATRICES

UNIT STRUCTURE

9.1 Learning Objectives

9.2 Introduction

9.3 Concept of a Matrix

9.4 Types of Matrix

9.5 Equality of Matrices

9.6 Addition and Subtraction of Matrices

9.7 Multiplication of a Matrix  by a Scalar

9.8 Multiplication of two Matrices

9.9 Transpose of a Matrix

9.10 Symmetric Matrix

9.11 Let Us Sum Up

9.12 Further Reading

9.13 Answers to Check Your Progress 

9.14 Model Questions

9.1 LEARNING OBJECTIVES

After going through this unit, you will be able to :

 understand the definition of a Matrix

 describe  different types of Matrix

 learn matrix operations e.g. addition, subtraction and

multiplication

 learn about adjoint, inverse and rank of Matrices

9.2 INTRODUCTION

Matrix is one of the most powerful tools of modern mathematics and

is also widely used in Economics. Matrix were introduced by the English

Mathematician Arthur Cayley in 1858.Matrices are initially connected with

linear transformation. Matrix theory now occupies important position in

Physics, Economics, Statistics, Engineering etc.
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9.3 CONCEPT OF A MATRIX

A set of mn numbers (real or complex) arranged in the form of a

rectangular array having m rows and n columns is called an mxn matrix (to

be read as 'm' by 'n' matrix).

An m x n matrix is usually written as

 

       

            

      

      





















mnm2m1

2n2221

1n1211

a...aa

............

a...aa

a...aa

A

The compact representation of the above matrix is

 A =[a
ij
],  i = 1, 2, .... m,   j = 1, 2, .... n.

or, simply,  A =[a
ij
]
mxn

. Sometimes, the braket [ ] can be replaced by ( ) .

The general element of the matrix A is ija  which belongs to the i-th

row and j-th column. ija  is sometimes denoted by (i,j)th element of the

matrix. Here i, the first suffix denotes the number of row and j, the second

suffix denotes the number of column in which the element  ija  occurs.

 Note :

1. A matrix having m-rows and

n-columns is called a matrix

of order mn (read as 'm' by 'n')

or simply m x n matrix.

2. In a matrix, the number of

rows need not be equal to the

number of columns.

3. A  matrix is denoted by the

capital letters  A, B, C… etc.

whereas any elements of a

matrix is denoted by  small

letters such as

,, , ijijij cba  etc.

Illustrative example :

3232
5   3   4

0   2    1
 or

53   4

02    1
A




















   

   

is a 2 x3 matrix i.e. it has 2 rows
and 3 columns. For A,

12a  = (1,2)th element  = 2

23a  = (2,3)th element  = 5

13a   = (1,3)th element  = 0

33

2i2 3

1 0   4 
3

1
 2  i 1

B



























  

is a 3x3 matrix. For B,

11b = 1+ i, 31b = 3  , 22b  =0 etc.
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9.4 TYPES OF MATRIX

There are different types of matrices. We will discuss one by one.

(i) Row Matrix : Any 1x n matrix which has only one row and n column

is called a row matrix.

For example,

A = [2, 5,- 3, 0, 3 ]  is a row matrix order 1  5.

In general, B = [ ija ] 
1 n

 is a row matrix of order 1x n

(ii)Column Matrix : Any m x1 matrix which has m rows and only one

column is called a column matrix.

For example,
























2

3

0 

6  

B
 is a column matrix of order 4×1

In general,   is a column matrix of order m1.

(iii) Square Matrix : A matrix whose numbers of rows is equal to the number

of columns is called a square matrix.

For the matrix A= [ ija ] 
m n

 , if m = n, then the matrix A is said to be

square matrix of order m.

Example :

(a)

 









30

01
A  is a square matrix of order 2.

(b)

 

















105

132

210

B is a square matrix of order 3

In a square matrix A = [ ija ] 
mm

 , the elements a
111

, a
22

, a
33

 ...... are

called the Diagonal Elements and the line along which they lie is called the

Principal Diagonal of the matrix.
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(iv)Diagonal Matrix : A square matrix A is said to be a diagonal matrix if all

its non-diagonal elements be zero.

Examples:

100

010

003

 B,
20

01
A



























-  

 

are diagonal matrices of order 2 and 3 respectively.

(v)Scalar Matrix : A diagonal matrix (i.e. all non-diagonal elements

being zero) where all the diagonal elements are equal is called a

Scalar Matrix.

Examples :

 
300  

030 

003-

 B,
20

02
A





























 

 

are two scalar matrices of order 2 and 3 respectively.

Thus, the square matrix is a scalar matrix if

ija = 0, when i    j

ija = k(say) when i = j

(vi) Unit (or Identity) Matrix : A square matrix in which the diagonal

elements are unity and non-diagonal elements are all zero is

called a unit (or Identity)matrix.

Examples :

100

010

001

 I,
10

01
I 32



























Unit matrices are denoted by I.

I
2
 and I

3
 are Unit matrices of order 2 and 3 respectively.

Thus, the square matrix is a unit matrix if

 ija = 0 when i  j

 ija = 1 when i = j

(vii) Null Matrix or Zero Matrix : A matrix of order m x n in which all the

126

TEERTHANKER MAHAVEER UNIVERSITY



elements are zero is called a null matrix (a zero matrix). It is denoted by O.

Thus,




























000

000

000

000

,
00

00

are all zero matrices of order 2 x2 and 4x3

respectively.

(viii) Upper Triangular Matrix and Lower Triangular Matrix: Let A be a

square matrix of order n.

























nnn3n2n1

3n333231

2n232221

1n131211

a  ... a  aa

...........................

a ... a  aa

a ... a  aa

a ... a  aa

 A

The diagonal elements of A are a
11

, a
12

 ,….., a
nn

  i.e. ija for i= j.

All these elements of A above the principal diagonal are a
12

a
13

……. a
1n

, a
23

……. a
2n

............ etc.  i.e.  a
ij
 for  i < j

All these elements of A below the principal diagonal are a
21

, a
31

,

a
32

, …….a
n1

, a
n2

,  ……. i.e. a
ij
 for i > j.

If all a
ij
 for i > j be zeros in a square matrix A, then A is called Upper Triangular

matrix.

Example :

5000

2100

1420

6213

A






















   

    

  

 

is Upper Triangular Matrix

If all a
ij
 for i < j be zeros is a square matrix A, the A is called Lower Triangular

Matrix.
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Example :





















5  3    1    2-

0   4  1- 2 

0   0    2 1 

0     0    0     3 

A
is Lower Triangular Matrix

 Remarks :  A diagonal matrix is both upper and lower triangular.

9.5 EQUALITY OF MATRICES

Two matrices A = [a
ij
] and B = [b

ij
] are said to be equal if

(i) they are of the same size or order

(ii) each element of one matrix is equal to the corresponding element

of the other matrix i.e.  a
ij
= b

ij
  for all i and j.

If A and B are equal, then we write A = B.If A and B are not equal,

then we write A  B.

Example :

1. 
2

,
 

  
   
  2 2 2

1   3 1   3
If A B

2  4 2  4 then A = B .

2.  


 
  
   

2 2

2 2
2 22 2

1  3 1   9
If A ,B

4  162  4 then A  = B.

3.  ,
 

  
   
  2 2 2 3

1   3 1 3 5
If A B

2  4 2 4 6  then A   B.

4. 





  
   

3 2
3 2

x   a -3 0

If y   b    1 2

z  c 4 3

then, x = - 3, y = 1, z = 4, a = 0, b = 2, c = 3

Remarks: The inequality of two matrices arised due to the following

reasons :

 (i) This orders may not be equal.

(ii) Elements in the corresponding places may not be equal.
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CHECK YOUR PROGRESS

Q 1: If a matrix has 10 elements what are the

possible orders it can have?

Q 2: Find the values of a, b, c, d when






















253

114

d4c2b-a

d-5c       b2a

  

   

Q 3: Are the following matrices equal where



































000

501

342

B ,

600

501

342

A

9.6 ADDITION AND SUBTRACTION OF MATRICES

Let A = [a
ij
]
mxn

 and B = [b
ij
]
mxn

 be two matrices of same order mxn.

Then their sum(or difference) denoted by A+B (or A-B) is defined as

another matrix C= [c
ij
] of the order m xn such that any element of C is

the sum (or difference) of the corresponding element of A and B.

i.e. c
ij
 = a

ij
+b

ij
   for all i, j

Thus, C =[c
ij
] = [a

ij
+b

ij
]
mxn

Example 9.1 : If  ,
   

     

5 1 2 5
A B

3 0 2 1

Then,  C = A+B =  
    
      

5 2 1 5 7 4

3 ( 2) 0 1 1 1

Similarly,    D=A – B =  

     
       

5 2 1 ( 5) 3 6

3 ( 2) 0 1 5 1

Remark : Two matrices A and B are said to be conformable for addition

or subtraction if they are of the same order.

Negative of a Matrix : If A be a given matrix, then the negative of A  denoted

by – A is the matrix whose elements are the negative of the corresponding

elements of A.
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Example 9.2 :

   

If  A   ,   

 

  
      
    

 2 1 -2  1

0 4 then A  0 - 4

5 6  5    - 6

Example 9.3: If  ,
 

  
     

5 0 3 1
A and B =

3 1 6 2 , find A + B and A – B

Solution :

  
    

  

5 0 3 1
A B

3 1 6 2


 
 

8 1

9 3

  
   
  

5 0 3 1
A -B 

3 1 6 2

=
 
   

5 3 0 1

3 6 1 2

= 

  

2 1

3 1

,
    

   
    

1 0 0 3 3 5
B C

Example 9.4:   If A = 4 3
 , 5  2 2 0

Show that [A+B] + C = A + [B+C]

Solution :

A+B = 
     
           

1 0 0 3 1 0 0 3

4 3 5 2 4 5 3 2


 
 

1 3
 

9 1

[ ]
  

     
  

1 3 3 5
A B C

9 1 2 0
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 = 
 
   

1 3 3 5

9 2 1 0

= 
4 8

11 1




 

Again, B+C = 
  
     

0 3 3 5

5 2 2 0

 = 
 
    

0 3 3 5

5 2 2 0

 = 
3 8

7 2


  

[ ]
  

         

1 0 3 8
A B C

4 3 7 2

 =  
 

 

   
     

1 3 0 8 4 8

4 7 3 2 11 1

[ ] [     A B C A B C]

CHECK YOUR PROGRESS

Q 4: Is it possible to define A+B when–

 (i)  A has 3 rows, 2 columns and B has 2 rows,

      2 columns.

(ii)  A has 3 rows, 3 columns and B has 3 rows, 3 columns.

(iii) A and B are square matrices of same order.

9.7 MULTIPLICATION OF A MATRIX BY A SCALAR

Multiplication of a matrix by a scalar is defined as follows:

If A = [a
ij
]
mn

 is a matrix of order mn and k is a scalar, then

kA = k[a
ij
]
mn

 = [ka
ij
]
mn

i.e., (i, j)th element of kA is k times the (i,j) th element of A .
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Example 9.5:

If k = 3 and A =

  






 2 3

2 -1

-2      3

  0 1
 ,then

    
        
      

 2 -1 3 2 3 ( 1)

3A 3 -2    3 3 ( 2) 3 3

  0 1 3 0         3 1

 = 






 3 2

 6 -3

-6    9

  0 3

and,

   

 



       
   
            
        

    3 2

1 1 1
2 ( 1)  1

2 2 2 2 -1
1 1 1 1 3

A -2     3 ( 2) 3 1
2 2 2 2 2

 0 1 1 1 1
0 1   0

2 2 2

Example 9.6:

If A = 
2222

27

04
B,

81

93



















 

Then verify that    2(A+B) = 2A + 2B

Solution :

We have

A + B =  
















27

04

81

93

 = 









2871

0943

= 







108

97
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2 (A+B)  =  2 


















10282

9272

108

97

= 







2016

1814

Again, 2A+2B =  















27

04
2

81

93
2

= 





















2272

0242

8212

9232

= 
















4  14

08 

162

186

= 










 416 142

0  18  86

= 







 20 16

 18  14

2(A+B) = 2A + 2B  verified.

Example 9.7:

 If k = 3, l = –2 and A = 
















 12

0  1

 2   3

 

 

Then verify that (k+l) A = kA + lA

Solution :

(k+l) A = (3–2)
















 12

0  1

 2   3

 = (1)
















 12

0  1

 2   3

Again,

kA + lA = 3A – 2A = 3 

































12

01

23

2

 12

0  1

 2    3

  

  

  

 = 

































24

02

46

 36

0 3

 6   9
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 = 





















2-3 46

002  3

 4-66    9

  

  

  

 = 





















12

0  1

2  3

 

(k+l) A = kA + lA.   Verified

Example 9.8: If k=4, l=2 and A =
















12

01

23

, then

Verify that k(lA) = (kl)A.
Solution :

k(lA) = 4(2A)  = 4 




















12   22

02    12

22   32

= 




















124  224

024   124

224  324

= 




















18   28

08    18

28   38

=  
















12

01

23

8

= 8A

= (4×2) A

= (kl)A.  verified

134

TEERTHANKER MAHAVEER UNIVERSITY



Example 9.9:


















12

01

23

A  and  5k If

Verify that (–k)A = –(kA)= k (–A)
Solution :

(–k) A = (–5) 
















12

01

23

= 




















1)(52)(5

0)(51)5)(

2(535)(

= - 




















1)(52)(5

0)(51(5)

2(5)3(5)

= –(kA)

Also, k(–A) = 5 





















12

01

23

= 




















1)(52)(5

051)(5

2)(53)(5

= - 




















1525

0515

2535

 

 


















12

01

23

5  
= –(kA)   Verified.
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 3 1 0

3- 0   4
  Band

241

230
, find 3A – 2B.Example 9.10: If A = 

Solution :

3A - 2B = 3 















  2 1 0

3- 0   4
 2-

241

230

 






 











420

608

6123

690













4621203

6)(60980











2103

1298

9.8 MULTIPLICATION OF TWO MATRICES

Two matrices A and B are conformable for the product AB if and only
if the number of columns of A is equal to the number of rows of B.

Let A = [ ija ]
mn

 and  B = [ jkb ]
n×p

,

Then the product A,B,C is the matrix of order  m×p

i.e. AB = C = [ jkc ] 
m×p

 where

 



n

1j
nkin2ki21ki1jkijjk b a........ ......... b a  b a  b a C  

i.e. the (j, k) th element of the matrix C= AB is found by multiplying
the corresponding element of the j-th row of A and the k-th column
of B and then, adding the product.
The rule of multiplication is row by column multiplication.

Example 9.11:

If A = 
222221

1211

233231

2221

1211

b b

b b
 Band

a a

a a

a a






























 Then AB = 

23  22321231  21321131

2222122121221121

2212121121121111

b  a  b ab  a  b a

b  a  b ab  a  b a

b  a  b a b  a  b a


























Note : 1) If the product AB exists, then it is not necessary that the product
BA will also exist.
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32
321

504










Example 9.12:  A= [2  3]

1×2
 and B

= Here,

   









321

504
32AB

=    196119106038 

But BA =  32
321

504








 which does not exist

 ABBA

Matrix multiplication is not commutative

2) In the case when both A and B are square matrices of the same

order then also both  AB and BA are defined but still ABBA.

Example 9.13: If A = 
















14

53
 B and

20

12

Then AB = 















14

53

20

12

= 










2x10x5  2x40x3

1x12x5  1x42x3

= 







28

11

  

1  0

BA = 















20

12

14

53

= 










1x24x1  1x04x2

5x23x1  5x03x3

= 







68

19

  

3   

It is seen that AB  

BA Example 9.14:

If A = 
















  3 1 2-

0 3 2
  Band

01

12

Can you find AB and BA ?
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Solution :

Here, A is of order   2×2

 B is of order   2×3

  AB will be order   2×3

Again, B is of order 2×3

 A is of order     2×2

BA does not exist because the number of column of B is 3 and

the number of rows of A is 2.

So, they are not conformable for the product BA.

Example 9.15:

If A = 
32120

213
B ,

2243

21






















C = 
32064

105










 then show that

A(B+C) = AB + AC
Solution :

 B+C = 
















064

105

120

213

 
32

184

318












A(B+C)

 
32143384134483

123182114281

32184

318

2243

21




































  











133540

51716

Again,  AB = 















120

213

43

21

= 










142324130433

122122110231











10119

453
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064

105

43

21
AC













041364034453

021162014251











32431

11213

 


















32431

11213

10119

453
ACAB











133540

51716

A(B  C)  AB AC 
Example 9.16:

If A = 
2322

41

20  

31

B,

213

302

111









































    

 

   

  

  

  

 
22

02

21
C












Find A[BC] and [AB]C and show that A[BC]   [AB]C .
Solution :

22
23

02

21

41

20 

31

BC
































  

   

= 




















04212411- 

02202210

03212311

 


















2 7

0 4

27

A[BC] = 




































27

04

27

21 3

30 2

111
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2)(201)(237241)(73

(-2)30022734072

(-2)(-1)012171)(4171

= 
















231

235

44

and AB = 




































41

20

31

213

302

111























4221)(331)(201)(13

4320321)3(0012

1)4(21311)1)((0111

  

  

=

















151   

181

12

  

   

 
          

 

2 1
1 2

[A B ]C  1 1 8
2 0

1 1 5

A [B C ] [A B ]C  

=





































231

235

48

0152121511

01821)(2181 (-1)

01222112

  

 

 A[BC] [AB]C . Proved.

 CHECK YOUR PROGRESS
Q 5: Given

B = 

























47

15
D,

24

13
C,

43

21

B(C+D) = BC + BD

(B+C) D = BD + CD

Q 6: For the matrices A,B,C put the numerical values of their

orders, so that (A+B) C = AC + BC
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Q 7: Find A and B if

A + B = 
















30

03
BA,

52

07

Q 8: Given A = 






 









0i

i0
B,

021

10
, Show that

A2 = B2 = I (unit matrix)

Q 9: If  










21

13
A , show that 07I5AA 2 

9.9 TRANSPOSE OF A MATRIX

Let A = [a
ij
]
m×n

. Then the n×m matrix obtained from A by changing the

rows of A into columns and columns into rows is called the Transpose of

matrix A and is denoted by AI or AT.

Therefore, Al or AT will have n-rows and m-columns.
Example :

If A = 
32

42 1

502










Then,

 
23

/

45

20

12

A



















9.10   SYMMETRIC MATRIX

SYMMETRIC MATRIX :

A square matrix A=  ija  is said to be symmetric if for all values of i and

j, i.e, jiij aa 
i.e. (i,j)th  element is same as the (j,i)th element of A

For example

































653

542

321

,

cfg

fbh

gha

are symmetric matrix.

Theorem : The necessary and sufficient condition for a matrix A to be

symmetric is that /AA 
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9.11 LET US SUM UP

 A rectangular array of mn numbers arranged in m-rows and n-columns
and enclosed in square  [ ] or a round bracket ( ), is called a matrix of
order m×n (m by n).

 The numbers which constitute the matrix are called the elements of a
matrix.

 The element which occurs in the i-th row and j-th column is called the

(i,j) the element of the matrix and is denoted by ija .

 A matrix with exactly one row is called a row matrix. The order of a row
matrix is of the  type 1×n.

 A matrix with exactly one column is called a column matrix. The order
of a column matrix is of the type m×1.

 A matrix A=[ ija ]
m×n

 is a square matrix if m=n.

 A square matrix a=[ ija ] is a scalar matrix if ija = 











 j    wherei0

ji  wherek

 A square matrix A = [ ija ] is a diagonal matrix if ija  = 0 where i j.

 A square matrix A=[ ija ] is a unit matrix if ija = 1 where i = j

 = 0  where i j ;

A unit matrix of order n is denoted by  l or  I
n
.

 A matrix in which all elements are zero is called a null matrix or zero
matrix. A null matrix is denoted by O.

 A matrix is said to be upper triangular  if ija = 0 when i>j.

 A matrix is said to be lower triangular if ija = 0 when i < j.

 Two matrix are said to be equal if and only of they are of same order
and the corresponding elements are equal.

 If A and B are two matrix of same order. Then their sum or difference
denoted by A + B ,A–B or B–A can be obtained.

 For matrices A and B of the same order (A+B)/ = A/ +B/

 For matrix A and B conformable  to multiplication

  /'// ABAB 

 The matrix A is called symmetric if A/=A
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9.13 ANSWERS TO CHECK YOUR
 PROGRESS

Answer to Q No 1: Find all possible orders of a matrix with 10 elements.

110 0 1   52  10  

25  10   10110




Possible orders of matrices are 1×10, 2×5, 5×2 and 10×1.

Answer to Q No 2: By equality of two matrices 



















253

114

42

52

dcba

dcba

2a+b=4 5c–d=11

a–2b=–3 4c+d=25

Solving these we get

a = 1,  b = 2,  c = 4,  d = 9

Answer to Q No 3: For equality of two matrices, their orders and the co-

rresponding elements must be same. Here, the order of the matrices

are same. But (3,3)th element of  th3,3A   element of B BA 

Answer to Q No 4:

(i) It is not possible for define A + B, since A is of order 3×2 and B is

of order 2×2.
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(ii) It is possible to define A+B, since A is of order 3×3 and B is of

order 3×3.

(iii) It is possible to define A+B, since A and B are square matrices of

the same order.
Answer to Q No 5:




































47

15

24

13

43

21
D)B(C

 



















61

28

43

21

1






















4x63x24x113x8

2x61x22x111x8











08

40

36

13

BC+BD 


































47

15

43

21

24

13

43

21
























4x43x14x73x5

2x41x12x71x5

4x23x14x43x3

2x21x12x41x3




















1943

919

1125

511






















3068

1430

19114325

951911

CDBCD)B(C 

Again (B+C)D = 
































47

15

24

13

43

21

= 


















47 

15

2443

1231

= 















47 

15

67 

34

= 










6x47x16x77x5

3x44x13x74x5
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= 







3177

1641

 BD+CD= 
































47

15

24

13

47

15

43

21

= 





















2x44x12x74x5

1x43x11x73x5

4x43x14x73x5

2x41x12x71x5

= 
















1234

722

1943

919

= 



















3177

1641

12193443

792219

CDBDC)D(B 
Answer to Q No 6:

If, A is of order 4×3

Then, B is of order 4×3

and C is of order 3×2
Answer to Q No 7:

Given, A + B = 
















30

03
BA,

52

07




















30

03

52

07
2ABABA

= 



















82 

010

3502

0037




















41

05

82

010

2

1
A

Again,
A+B – (A–B) = A+B–A+B=2B

 = 
















30

03

5 2

07

 = 















 
22

04

3-5  0-2 

0037




















11

02

22

04

2

1
B
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Answer to Q No 8:



















01

10

01

10
AAA 2

= 










0x01x10x11x0

1x00x11x10x0

= I
10

01

















 







 


0i

i0

0i

i0
BBB2

= 










0x0ix(-i)0xiix0

(-i)x00x(-i)i)i(0x0

= I
10 

01 

i0 

0i
2

2



























Answer to Q No 9:
A2–5A+7I=A.A–5A+7I

= 

































10 

01  

1- 

  13  

21- 

13  

1-

13  
7

2
5

2

= 




























70 

  07 

105- 

515  

2x21)x1(1)2(1)x3(

1X23x1          1(-1)3x3

= 

























 70 

  07 

105- 

515          

35

58

= 0
00 

00 

7103055

05-5        7158
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9.14 MODEL QUESTIONS

Q 1: In a Matrix 


















1031

572411

21934

Find (i)   Order of the matrix
(ii)  The number of elements
(iii) Write the elements a

23
, a

12
, a

32
, a

34,
,a

44.

Q 2: If A = B- Aand B  A find,
4- 3

0 2
  Band

 2 6 

5 4



















Q 3:  5A-and3A  find,

 0 1

2 0 

2 3

AIf


















Q 4: Find AB and BA if A = and

 1 5

1 0 

3 2
















  B = 








 351 

21 3

Q 5: What is the additive identity of 







01 

1 0
 ?

Q 6: If A = 
,

  
    
    

1  1  -1 1 2

0 2 3 B 1 3

 -1 3 5 0 2

C = 



 

3 1  2
,find  A (BC)  and  (AB)  C

-2 2  0

and show that   A[BC] = [AB] C

Q 7: Show that A[B+C] = AB + AC

where A = and
301

542
B ,

3 0

 1 2

























 


406

310
C

Q 8: If A = 



 

/ /4 3 7
show that (A ) A

2 5 6 .
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Q 9: If 


  

2 1
A

1 4  and


 
 

4 5 6
B

1 2 3 , then show that /// AB(AB) 

Q 10: If A = 





















4214

44421
 Athatshow  then,

11

43 4

Q 11: Find A–1 where A = 


  
  

1 1 1

1 2 3

2 1 3

Q 12: Find the inverse of the matrix  




 

4 3 3

1 4 3

1 3 4

Q 13: If A =  Aadj find,

4100

264

242





















Q 14:  If A = 




 

-1

1 2 3

2 4 5 , find A

3 5 6

*** ***** ***
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UNIT 10: DETERMINANTS

UNIT STRUCTURE

10.1 Learning Objectives

10.2 Introduction

10.3 Determinant of order  2

10.4 Determinant of order 3

10.5 Properties of Determinants

10.6 Solution of a Set of Linear Equations by Cramer’s Rule

10.7 Let Us Sum Up

10.8 Further Reading

10.9 Answers to Check Your Progress

10.10 Model Questions

10.1 LEARNING OBJECTIVES

After going through this unit, you will be able to:

 define determinant

 evaluate determinants of order 2 and 3

 use the properties of determinants for evaluation of determinants

 solve determinants using Cramer’s rule.

10.2 INTRODUCTION

The concept of determinants is a useful tool in solving system of

linear equations in two or three variables. In this unit,we shall discusss the

concept of determinants.We shall also study many properties of

determinants which help in evaluation of determinants. We may use

determinants to solve a system of linear equations by a method known as

Cramer’s rule.

10.3 DETERMINANT OF ORDER 2

Let us consider the equations 011  ybxa  and 022  ybxa .
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Eliminating x and y from the equations, we have 
2

2

1

1

b

a

b

a

x

y


01221  baba

which is written in compact form as 0
22

11 
ba

ba

In other words, we have 01221
22

11  baba
ba

ba
.

The expression 
22

11

ba

ba
is called a determinant of the second order. It has

two horizotal lines 1a  1b   and 2a  2b  and two vertical lines 
2

1

a

a

2

1

b

b
.  The

horizontal lines are called rows and the vertical lines are called columns.A

determinant of second order has two rows and two columns.The numbers

2211 ,,, baba  are called the elements of the determinant. 1221 baba  is called

the expansion or the value of the determinant.

Example 5.1: Evaluate (i) 42

31

  (ii) 1

1




xx

xx
 (iii) 1

11
23 


xxx

x

 (iv) 2

2

bab

aba

Solution : (i) We have 42

31

     2643.24.1  .

(ii)    11.1.1
1

1 22 



xxxxxx

xx

xx
.

(iii)    32
23 11

1

11
xxxx

xxx

x





33 1 xx 
1 .

(iv)   0222

2

2

 abba
bab

aba
.
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Example 10.2 : Find the value of x if

(i) 6
31

3





xx

xx
  (ii) 0

241

1212





xx

xx

Solution : (i) We have     133
31

3





xxxx
xx

xx

  xxx  22 9

9 x

69  x

15 x

15 x

(ii) We have      1212412
241

1212





xxxx
xx

xx

1222448 22  xxxxxx

336 2  xx

 123 2  xx

  0123 2  xx

012 2  xx

4

811 
 x

4

31


2

1
,1 

Q 10.3. Solve for x if 0
11

21

7

5






x

x
.

Solution : Given, 0
11

21

7

5






x

x

    021352  x

01352  x

0362  x

362  x

6 x
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CHECK YOUR PROGRESS

Q 1: Evaluate :

(i) 117

32 
(ii) 

32113

11332




Q 2: Solve for x :

(i) x

x

x 5

12

41

32 
  (ii) 52

20

4

3

xx

x 


Q 3: If 6
64

3


p
, find the value of p .

Q 4: Prove that 
2222 dcba

ibaidc

idciba





10.4 DETERMINANT OF ORDER 3

In 5.3, We have already discussed determinant of order 2. Now, we

think of a determinant which has 3 rows and 3 colums.

Let us consider the equations

0111  zcybxa  ...  (1)

0222  zcybxa  ...    (2)

and 0333  zcybxa   ...   (3)

Soving (2) and (3), we get 
233223322332 baba

z

acac

y

cbcb

x









Substituting these proportional values of yx, and z in (1), we get

      0233212332123321  babacacacbcbcba

which can be written in compact form as

0

333

222

111


cba

cba

cba

In other words, we have
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     233213223123321

333

222

111

babaccacabcbcba

cba

cba

cba



The expression 
333

222

111

cba

cba

cba

 is called a determinant of the third order. Since

it has 3 rows and 3 columns,it is called a determinant of order 3.

     233213223123321 babaccacabcbcba   is called the expansion or

the value of the determinant.

Note : A determinant of order 3 has 9 elements.

Value of a determinant :

Determinant of order three can be determined by expressing it in

terms of second order determinants.This is known as expansion of a

determinant along a row (or a column).There are six ways of expanding a

determinant of order 3 corresponding to each of three rows (R
1
, R

2
 and R

3
)

and three columns (C
1
, C

2
 and C

3
) giving the same value.

Consider the determinant of order 3

333

222

111

cba

cba

cba

First we expand the given determinant along first row (R
1
):

Step 1 : We multiply element 1a  of 1R  by   111  [   1element   theofposition 1 a ]

and with the second order determinant obtained by deleting the elements

of first row (R
1
) and first column (C

1
) as 1a  lies in R

1
 and C

1
.

i.e.,  
33

22
1

111
cb

cb
a

Step 2 : We multiply second element 1b of R
1
 by

  211  [   1element   theofposition 1 b ] and with the second order determinant

obtained by deleting the elements of first row (R
1
) and second column

(C
2
) as 1b  lies in R

1
 and C

2
.
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i.e.,  
33

22
1

211
ca

ca
b

Step 3 : We multiply third element c
1
 of R

1
 by   311  [   1element   theofposition 1 c ]

and with the second order determinant obtained by deleting the elements of

first row(R
1
) and third column (C

3
) as 1c  lies in R

1
 and C

3
.

i.e.,  
33

22
1

311
ba

ba
c

Step 4 : The expansion of determinant is written as the sum of all the three

terms obtained in step 1, 2 and 3 above and is given by

     
33

22
1

31

33

22
1

21

33

22
1

11

333

222

111

111
ba

ba
c

ca

ca
b

cb

cb
a

cba

cba

cba
 

     233212332123321 babaccacabcbcba 

123132213312231321 cbacbacbacbacbacba  .

Expansion along second row (R
2
 ):

Consider the determinant 
333

222

111

cba

cba

cba

Expanding along R
2
, we get

     
33

11
2

32

33

11
2

22

33

11
2

12

333

222

111

111
ba

ba
c

ca

ca
b

cb

cb
a

cba

cba

cba
 

     133121332213312 babaccacabcbcba 

 213231123321132312 cbacbacbacbacbacba  .

Expanding along C
1
, we get

     
22

11
3

13

33

11
2

12

33

22
1

11

333

222

111

111
cb

cb
a

cb

cb
a

cb

cb
a

cba

cba

cba
 

     122131331223321 cbcbacbcbacbcba 

123213132312231321 cbacbacbacbacbacba 
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Similarly, we can expand the determinant along 23 ,CR  and 3C .

Note : Expanding a determinant along any row or column gives same value.

Example 10.4 : Evaluate the determinant 
014

031

421



Solution : Expanding along R
1 
we get

14

31
4

04

01
2

01

03
1

014

031

421







     1214002001 

52 .

Example 10.5 : Evaluate the determinant 

211

432

321







(i) by expanding about any row

(ii) by expanding about any column.

Solution : (i) (a) Expanding about the first row

  
11

32
3

21

42
2

21

43
1













                  131234122241231 

   32344246 
 32

    5
(b) Expanding about the second row

   
11

21
4

21

31
3

21

32
21













     214323342 
 41514 

     5
(c) Expanding about the third row

 
32

21
2

42

31
1

43

32
1
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 4326498 

21017 
5

(ii) (a) Expanding about first column

43

32
1

21

32
2

21

43
1












   98134246 

17142 
5

(b) Expanding about the second column

     
42

31
11

21

31
3

21

42
21












     64323442 

1015
5

(c) Expanding about the third column

 
32

21
2

11

21
4

11

32
3














     432214323 

243 
5

10.5  PROPERTIES OF DETERMINANTS

There are some properties of determinants, which are very much

useful in solving problems. Here we are going to discuss the properties only

for the determinant of order 3.

Property 1 : The value of  determinant remains unchanged if a rows and

columns are interchanged.

i.e.,
321

321

321

333

222

111

ccc

bbb

aaa

cba

cba

cba



Note : If R
i
 = i th row and C

i
 = ith column, then for interchange of row and

columns, we will symbolically write C
iR

i
..
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Property 2 : If any two adjacent rows (or columns) of a determinant are

interchanged, then sign of determinant changes.

i.e.,
333

111

222

333

222

111

cba

cba

cba

cba

cba

cba



Note : We can denote the interchange of rows by R
i R

j
 and interchange

of columns by C
i
 C

j
.

Property 3 : If any two rows (or columns) of a determinant are identical (all

corresponding elements are same), then value of determinant is zero.

i.e.,
0

333

111

111


cba

cba

cba

Property 4 : If each element of a row (or a column) of a determinant is

multiplied by a constant k, then its value gets multiplied by k.

i.e.,
333

222

111

333

222

111

cba

cba

cba

k

cba

cba

kckbka



Note :The value of the determinant remains unchanged.by applying R
i 
 

kR
i 
or C

i
 kC

i
 to the determinant .

Property 5 : If to any row(or column) is added k times the corresponding

elements of another row (or column), the value of the determinant remains

unchanged.

i.e.,
333

222

212121

333

222

111

cba

cba

kcckbbkaa

cba

cba

cba 


Note : The value of determinant remain same if we apply the operation Ri

  R
i
 + kR

j 
or C

i  C
i
 + k C

j
 .

Property 6 : If any row (or column) is the sum of two or more elements,

then the determinant can be expressed as sum of two or more determinants.
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i.e.,

333

222

321

333

222

111

333

222

312111

cba

cba

ddd

cba

cba

cba

cba

cba

dcdbda




IIlustrative Examples : 

Example 10.6 : Prove 

that

   accbba

cba

cba 
222

111

Solution :
22222222

001111

acaba

acaba

cba

cba




(Apply 122 CCC   and 133 CCC  )

  
acaba

aacab




2

11

001

   abacacab 

   bcacab 

   accbba  .

Example 10.7 :  Show that

0

1

1

1






bac

acb

cba

Solution :
bac

acb

cba





1

1

1

Apply 233 CCC 

bacc

acbb

cbaa






1

1

1
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11

11

11

c

b

a

cba 

 0.cba   ( 1C  and 3C  are identical)

0 .

0

842

03Example 10.8 : Find x if 5

41




x

.

Solution : Expanding by 1st row

 
42

35
4

82

05

84

03
1

842

035

41













x

x

     620440241  x

564024  x

8040  x

08040  x

2 x .

Example 10.9 : Solve for x if 0

31

2

010


x

xx .

Solution : Given , 0

31

2

010


x

xx

0
31

2
0

1
1

3

2
0 

x

x

xx

x

x

  0010 2  xx

02  xx

  01  xx

1,0 x .
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CHECK YOUR PROGRESS

Q 5: Find the value of the following determinants:

(a) 
112

121

312






(b) 
143

375

514




 (c) 
815

114

211





(i) by expanding about any one row

(ii) by expanding about any one column.

Q 6: Factorise the determinants and solve the equations :

(a) 0

321

2793

22




xxx

  (b) 0

41

31

21
2

3


x

x

x

10.6 SOLUTION OF A SET OF LINEAR EQUATIONS
BY CRAMER'S RULE

Let the system of n non-homogenous linear equations in n-unknowns linear

(1)bxa ............   xa   xa 1n1n212111 

(2)bxa ............   xa   xa 2n2n222121 
………………………………………………..

(n)b    xa .  xa   xa nnnn2n21n1 
The system can be written as –

b

.

.

b

b

 

x

.

.

x

x

a .....   aa

......................

a   ....   aa

a   ....   aa

1n
n

1

1n
n

1

nnnnn2n1

2n2221

1n1211
22








































































i.e. AX = B

Determinant of the co-efficient matrix A

=|A| = D (say)

The system of writing
equations within [ ] is
known as Matrix. We
shall discuss Matrix
algebra in the next
unit.
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Multiplying the equations (1), (2), ……., (n) respectively by the co-factors

of ,, 2111 aa   i.e. 12111 A,,A,A n  and adding we get

 )xaxax(aA)xaxax(aA n2n22212121n1n21211111

n1n212111nnn2n21n1n1 AbAbAb)xaxax(aA 

n1n2121111n1n12121111 AbAbAb)xAaAaA(a 

11 DDx 
Where

nnn2n

2n222

1n121

1

nnn2n1

2n2221

1n1211

a  ........ a   b

..........................

a  ........ a   b

a  ........ a   b

 D  and

a  ........ a   a

..........................

a  ........ a   a

a  ........ a   a

D

D
1
 is the determinant obtained from D by replacing the elements of

1st column by corresponding b's

0D Provided
D

1

D

x

1

1 

Similarly multiplying the equations (1), (2), ………… (n) by co-factors

of the elements of 2nd column of |A| and adding, we get –

nnnn1

2n221

1n111

222

.....aba

.....aba

a.....ba

DwhereDDx

 



0D,
D

1

D

x

2

2 

 As above we will get

0D,
D

1

D

x
 ..........

D

x

D

x

n

n

2

2

1

1 

The unique solution of the given system of equation provided D0 in

the coefficient matrix is non-singular.

i.e. the rank of the co-efficient matrix is n = number of variables.

Note : For a system of n non-homogeneous linear equations with n-

unknowns

0D,
D

1

D

x
 ..........

D

x

D

x

n

n

2

2

1

1 
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Example 10.10 : Solve the equations

3x + y +2z =  3

2x - 3y – z = –3

x + 2y + z =   4

Using Cramer's rule.

Solution : We have

1 2 1

1- 3- 2

2 1 3

 |A|D
  

   





=  3(–3 + 2) – 1(2+1) + 2(4+3)
= –3 –3 + 14
= 80

1D  = 1 2 4

1- 3- 3

2 1 3



= 3(–3+2) –1 (–3+4) + 2(–6+12)
= –3 – 1 + 12
= 8

2D = 1 4 1

1- 3- 2

2 3 3

 

162293

3)2(81)3(24)33( 




3D  = 
421

332

313



= 3 (–12+6) –1(8+3) + 3 (4+3)
= -18 – 11 + 21
= –8

 1
8

8

D

D
x 1 

2
8

16

D

D
y 2 
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1
8

8-

D

D
z 3 

Example 10.11 : Solve the equations using Cramer's rule:

x+2y+3z = 6

3x–2y+z=2

4x+2y+z=7
Solution :

124

123

321

D   0404224

8)3(64)2(32)21(




 1 2 7

1 2- 2

3 2 6

D1 
 40  54  10 24- 

14)3(4  7)-2(2- 2)-6(-2




174

123

361

D2 

= 1(2–7)–6(3–4)+3(21–8)
= –5+6+39
= 40

724

223

621

D3 

= 1(–14–4)–2(21–8)+6(6+8)
= –18–26+84
= 84 – 44
= 40

1
40

40

D

D
  z 

1
40

40

D

D
  y 

1
40

40

D

D
x

3

2

1
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CHECK YOUR PROGRESS

Solve the following system of equations by using

Cramer's rule :

Q 7: 3x + 5y = 8,  –x+2y–z =0, 3x–6y+4z=1

Q 8: x
1
+x

2
+x

3
=7, x

1
– x

2
+ x

3
 = 2, 2x

1 
– x

2
+ 3x

3
 = 9

10.7 LET US SUM UP

 The value of determinant is unaltered, when its rows and columns are

interchanged.

 If any two adjacent rows (columns) of a determinant are interchanged,

then the value of the determinant changes only in sign.

 If the determinant has two identical rows (columns), then the value of

the determinant is zero.

 If all the elements in a row or in a (column) of a determinant are

multiplied by a constant k(k > 0) then the value of the determinant is

multiplied by k.

 The value of the determinant is unaltered when a constant multiple of

the elements of any row (column), is added to the corresponding

elements of a different row (column) in a determinant.

 If each element of a row (column) of a determinant is expressed as

the sum of two or more terms, then the determinant is expressed as

the sum of two or more determinants of the same order.
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10.9 ANSWERS TO CHECK YOUR

PROGRESS

Ans to Q No 1: (i) 2122
117

32




43 .

(ii)      1131133232
32113

11332





   11934 

3 .

Ans to Q No 2: (i) Given, x

x

x 5

12

41

32 


5238 2  xx

0882 2  xx

0442  xx

  02 2  x

2,2 x .

(ii) Given, 52

20

4

3

xx

x 


xx 40122 

01242  xx

012262  xxx

    0626  xxx

   026  xx

6,2 x .
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Ans to Q No 3: Given, 6
64

3


p

6418  p

124  p

3 p .

Ans to Q No 4: L.H.S
ibaidc

idciba






     idcidcibaiba 

     2222 idciba 
2222 dcba 

Ans to Q No 5: (a) (i) Expanding about the first row

12

21
3

12

11
1

11

12
2

112

121

312
















     413211122 

1532 
10

(ii) Expanding about the first column

12

31
2

11

31
1

11

12
2

112

121

312



















     612311122 

1022 
10 .

(b) Try yourself

(c) Try yourself.
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Ans to Q No 6: (a)  Given, 
0

321

2793

22




xxx

0

321

931

1

3

2





xx

x

0
93

3
32

3
32

93
3

22








xx

x
xx

xx

      03932331893 22  xxxxxxx

  0392393 22  xxxxx

  0963 2  xxx

  033 2  xx

3,0 x

(b) Try yourself.
Answer Q No 7:

3x + 5y + 0z = 8
–x + 2y – z = 0
3x – 6y + 4z = 1

463

121

053

D




 43

11
5

46

12
3









 = 3 (8-6) – 5(–4+3)
 = 6+5 = 011

41

10
5

46

12
8

461

120

058

D1












= 8(8–6) –5x1=16–5=11

413

101

083

D2 
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 43

11
8

41

10
3







 = 3(0+1)–8(–4+3)
 = 3+8 = 11

1-3

21

853

D3

6

0

 63

21
8

13

01
5

16-

02
3









 = 3(2–0) –5(–1–0) +8(6–6)

 = 6+5 =11

1
11
11

D
D

x 1 

 1
11

11

D

D
y 2 

 

1
11

11

D

D
y 3 

  

i.e. x =1,    y =1,    z =1.
Answer Q No 8:

x
1 
+ x

2 
+ x

3
= 6

x
1 
– x

2 
+ x

3
= 2

2x
1 
– x

2 
+ 3x

3
= 9

12

11
xa

32

11
1x

31

11
1x

312

111

111

D











= (–3+1)–(3–2)+(–1+2)

= –2–1+1= 02 

19

12
x1

39

12
1x

31

11
6

319

112

116

D1 










= 6(–3+1)–(6–9)+(–2+9)
= –12+3+7= – 2

392

121

161

D2 
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92

21

32

11

3

1
 x6

9

2

= (6–9) –6(3–2) +(9–4)
= –3 –6 +5
= –9 + 5
= – 4

9-2

2-1

611

D3

1

1

12

11
6

92

21

91

21










= (–9+2) –(9–4) + 6 x(–1+2)

= –7–5+6

= –12+6

= –6

1
2
2

D
D

x 1
1 






2
2

4

D

D
x 2

2 




 

3
2

6

D

D
x 3

3 




 

10.10 MODEL QUESTIONS

Q 1: Evaluate    (i) 32

64

  (ii) 54

23
 (iii) 61

42




Q 2: Evaluate  (i) 
421

413

021


 (ii) 

100

010

001

Q 3: Show that

bac

acb

cba

cbbaac

baaccb

accbba

2




.
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Q 4: Show that

    cbabaacab

cba

cba 
333

111

Q 5: Show that 
0

22

22

22






baabba

accaac

cbbccb

.

Q 6: Show that 
abccba

baaccb

accbca

cba

3333 



Q 7: Prove that 
 cbaxx

cxba

cbxa

cbax







2

Q 8: Show that 
xy

y

x 



111

111

111

Q 9: Without expanding the determinant, prove that

0




cbbaac

baaccb

accbba

Q 10: Solve using Cramer’s rule

2 3 9

2 3 6

3 2 8

x y z

x y z

x y x

  
  
  

*** ***** ***
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